The purpose of this paper is to demonstrate a general method for incorporating a change in regime into stochastic price processes. The assumed framework is that there are two states of the world, a "volatile" state, and a "normal" state, and the stochastic process followed by asset prices is different depending on the state of the world. This is done using a two-state Markov chain in continuous-time where the occupation time in the "volatile state" is a stochastic time-change of the volatile state process. By facilitating the regime switching behavior in this way option pricing solutions on various stochastic price processes are readily obtainable. 
Introduction
Much of the option pricing literature has focused on alternative stochastic processes to the Black-Scholes option pricing model (Black and Scholes (1973) ) in order to make up for its empirical biases, the most notable of which is the "volatility smile" or "smirk," that results because Black-Scholes under prices options not at-the-money.
Common among these alternative processes are the jump diffusion and stochastic volatility models. Another alternative way of modeling price processes, introduced by Hamilton (1990) , is one in which the stochastic process followed by prices is different depending upon the state of the world, and changes as the state of the world changes.
This kind of price process is called a "regime switching" model.
For example, a two-state regime switching model may denote that asset prices follow a process with relatively low volatility in the first state, and a process with relatively high volatility in the second state. The price process switches between the two states over time (the regime switching process which determines the current state of the world is itself a random process,) and thus periods of stable random behavior with intermittent periods of high volatility are modeled.
From an economic perspective regime switching behavior captures the changing preferences and beliefs of households and investors regarding asset prices as states of the world change, e.g., from a bull market to a bear market. Surprise events such as earnings announcements, scandals, or changes in macroeconomic variables signal to investors new information which often results in asset price processes to following completely different dynamics, i.e., to switch regimes.
The contribution of this paper is to demonstrate a general method of incorporating regime switching behavior in asset price processes in order to price options. Particularly, this method is demonstrated by assuming two regimes (a multi-state switching model is readily adaptable,) the first state being characterized as the "normal state," or the relatively low volatility regime, and the second state being characterized as the "volatile state", or the relatively high volatility state. The process followed by the log asset price in the volatile state will be the normal state process plus the inclusion of an additional random process driving excess volatility. The general set-up is for the log asset price is state 1 process: normal process state 2 process: normal process + volatile process
So the excess volatility in the volatile state is achieved by the presence of an additional random process that is only present in the second state. The method of pricing options that will be presented below is relevant for those asset price processes for which the additional volatile state process is a Lévy process. 1 The class of Lévy processes includes a wide range of commonly used processes in finance, including Brownian motion, Poisson jump processes, and gamma processes.
Other papers dealing with regime switching behavior and option pricing include (in continuous-time) Naik (1993) , Chourdakis (2000) , Konikov and Madan (2002) , Edwards (2002) , (in discrete-time) Chourdakis and Tzavalis (2000) , Bollen, Gray, and Whaley (2000) , Campbell and Li (2002 ), Popova, and Ritchken (1999 ), and Chourdakis (2002 .
1 A Lévy process is a right-continuous adapted stochastic process with independent and stationary nonoverlapping increments.
The regime switching models presented here are different from those existing in the current literature with respect to the stochastic processes considered for regime switching, and also with respect to the method used to facilitate regime switching into the asset price process. The approach to be described is general and may be used with many different classes of stochastic processes. This is in contrast with the papers mentioned above, in which the derivations of option pricing formulas are model specific and cannot be readily extended to alternative price processes. Hence a major contribution of this paper is the added flexibility one is able to achieve in modeling regime switching behavior.
First, I will describe the continuous-time regime switching process to be incorporated in the asset price models. Then, I demonstrate how to incorporate this regime switching process into three example price processes and derive option pricing formulas.
The Continuous-time Markov Chain
Let there be two states of the world, and consider the continuous-time process Cox and Miller (1965) 
The result in (3.0.3) follows from the fact that ln t V is independent of t T , and is Lévy, having independent and identically distributed non-overlapping intervals. This result is also an application of the Lévy-Khintchine theorem (see Epps (2000) pg.132 and Carr and Wu (2002) x is the log strike price, r is the risk-free rate of interest, and q is the continuousdividend yield (for a stock index) or the foreign risk-free rate (for a currency). European put options can be priced using this formula and put-call parity. See Epps (2000) for other examples of using characteristic functions to price derivatives.
Below I will demonstrate how to incorporate regime switching into three different stochastic frameworks. In all three cases the "volatile" state is characterized by having the operational time governing the process driving excess volatility in the volatile state being the occupation time of that state over the time interval [0,] t . The first model will be characterized by geometric Brownian motion in the normal state and by a jump diffusion in the volatile state (jump diffusion with regime switching (JDRS)); the second model will be characterized by a stochastic volatility diffusion in the normal state and stochastic volatility with jumps in the volatile state (stochastic volatility with jumps and regime-switching (SVJDRS)); and finally, the third model in which the asset price follows the finite moment log stable process of Carr and Wu (2003) in the first state, and a finite moment log stable process with Poisson jumps in the second state (LSRS).
Jump diffusion with Regime switching (JDRS)
Consider an asset price process that follows geometric Brownian motion in the first ("normal") state of the world, and a jump diffusion in the second ("volatile") state. 
Stochastic Volatility with Jumps and Regime Switching (SVJDRS)
Consider an asset price process in which the volatility itself is a diffusion process. (Bates (1996) ) dynamics in state two (i.e., a stochastic volatility with jumps model), except that unlike the Bates model the log of the random variable governing the jump size, (1) U +, is uniformly distributed instead of normal. The asset price process is switching between a stochastic volatility process and a stochastic volatility with jumps process.
In order to derive the characteristic function of the log asset price over the time Finding the characteristic function of ln t N requires solving a system of ordinary differential equations and has been derived in Heston (1993) and Bates (1996) . The characteristic function of the log asset price, () t u φ, is then given by 
Finite Moment Log Stable with Regime Switching (LSRS)
Carr and Wu (2003) propose a "finite moment log stable" underlying stochastic process to price options. The main contribution of their model is that it allows for infinite moments of the return distribution for any moments greater than one, but with all the moments of the asset price level being finite. This causes a failure of the central limit theorem as the maturity horizon increases, thus capturing important observed properties of the volatility term structure. The price process is from the class of α -stable processes and is governed by two parameters: the tail index, (1,2) α ∈ , and a skewness parameter, 1 β =− . The parameter restrictions on α and β ensure that the moments of the asset price level are finite, and hence enable option pricing.
Similar to the other models discussed in this paper, I will incorporate a regime switching process such that in the first state the asset price will follow the α -stable process of Carr and Wu, and in the second state the asset price will follow a the same α -stable process but with a Poisson jump component "shocking" the price process and driving excess volatility. The state one risk-neutral asset price process is given by European put-call parity relation, and these were used as the in-the-money call prices.
Prices were proxied as the average of the bid and ask prices. Options with fewer than ten trading days to expiration were excluded from the data set. There are approximately 24,000 observations. Consistent with how dividends on the S&P 500 are usually modeled, a constant continuous-dividend yield (identical across both states) was assumed. The risk-free interest rate and the dividend yield were estimated daily for each maturity horizon from the following regression (based on put-call parity,) using the three options closest to the at-the-money price:
ititit yabxε =++, Tables 1 and 2 . The MSE column reports the average daily mean squared error.
Insert Tables 1 and 2 here
Note that the estimate of the rate of jump arrivals, γ , is much higher for JDRS model, indicating that the volatile state is indeed being captured by the state two jump process.
Clearly, in terms of mean squared error JDRS fits the data better than the Merton model, but because JDRS nests the Merton model it must fit at least well as the Merton model in-sample. 6 A test of relative performance that is independent of the nested nature of the models is to compare the out-of-sample, one-day ahead forecasting performance. The "Forecast" column in Tables 3 and 4 reports the average one-day ahead mean squared forecast error. Under both criterions the JDRS model has the smaller forecast error. 5 Model estimated call prices were calculated using the formula in (3.0.6). 6 An F-test was performed to test the null that the two models had the same fit (i.e., the null is the joint hypothesis that 2 1 π = and 2 0 λ = .) The null was soundly rejected at the 90% level.
To test whether the difference in out-of-sample forecasting performance is significant or not (following Granger and Newbold (1986) The null of no difference in forecasting error was soundly rejected at the 90% confidence level.
The JDRS model's clear improvement over the Merton model in the out-ofsample test lends support to the regime switching specification.
Conclusion
The main contribution of this paper is the introduction of a novel and general way of incorporating regime-switching in financial models of asset returns: via a stochastic time-change with the volatile state process directed by the occupation time of the volatile state over a time interval [0,] t . As demonstrated above this method is flexible in terms of which pricing models it may be applied to. While the volatile process in the second state for the above models was a compound-Poisson process, many other processes that are Lévy, such as Brownian motion, the finite moment log stable process, gamma processes, and subordinated Lévy processes, may be used in like manner as the engine driving excess volatility in the second state.
The out-of-sample improvement in empirical performance of the JDRS model over the Merton model (which it nests) provides evidence that incorporating regime switching behavior in asset price processes has empirical justification, not just economic or theoretical. probability process is in state two at 0 t = ; MSE: average daily in-sample mean squared error; Forecast: average daily one-day ahead out-of-sample forecast error. probability process is in state two at 0 t = ; MSE: average daily in-sample mean squared error; Forecast: average daily one-day ahead out-of-sample forecast error.
